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Math 110, 29/5/1431H Test 2-Version D 1

Instructions. (30 points) Solve each of the following problems.

1.

3.

. 2 —16
lim =
z——4 x —4
(a) Does Not Exist (b) 8
“) 0 (d) -8
Solution:
i r2—-16 (—4)%2-16
o — 44
1616
-8
0
= — = O
-8
. Ifcosz = g, 37% <z <2mwthen cscx=
-3 -5
- W) —
() ®
—4 —4
_= d) —
(0) = (@) =
Solution:
3 dj t
Since cosz = o = AWM o draw a triangle is shown below:
5  hypotenuse 5
3
NOW,H2:A2+OQ:>25:9+02:>O:4.Since§<:1:<27r, 4
then z lies in the forth quadrant. Hence since the y— axis is
negative, then sinx < 0 and since the x—axis is positive then 3
-5
cosz > (0. Therefore cscx < 0 Hence cscx = T

. 322 + 2
lim — =
zo00 ]l —x — a3

) 0 (b) oo

(€) =~ (d) -3
Solution:
Since lim (32® +2) = oo, lim (1 — z — 23) = co we have LF. type oo/oco. Divide
T—00 Tr—00

each term in the numerator and each term in the denominator by the highest power in the
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denominator.

3z2 42 3
lim L: lim — ~>
z—o00 1 —x — 23 z—o0o 1 —x —x

(c) 0 (d)

Solution:

2> —1—6 .
. The curve  f(z) = —5——— has a vertical asymptote at
r° —4x

(a) y=0, y=2 Wzx=0 x=2

(c)x=0, z==2 (d)x=0, xz=-2

Solution: 5 5

Write f(z) = =3 +2) . The zeroes of the denominator are —2, 0, and 2. To
z(x —2)(x +2)
check that x = —2 is a vertical asymptote or not we take the limit at —2 from both sides.
lim f(z) = lim leA2)w = 3) = lim _rm3 _—5 Hence = = —2 is not a vertical
-2 e—>=2 x(zA42)(x —2) a——2z(x—2) 8
— 2

asymptote. To check that x = 2 we take the limit lim f(x) = lim (z=3)(z+2) = —00

+

+ +
T—2 T—2 x(x _ 2)(I T 2)

Hence x = 2 is a vertical asymptote. To check that x = 0 we take the limit lim+ flx) =
z—0

(z — 3)(z +2)

lim = 00. Hence x = 0 is a vertical asymptote. Thus the function has

r—0t

x(x —2)(x +2)
vertical asymptote at x = 0, and x = 2.
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CIf

x4+ 3, if x < —4;

_ ) 3, if £ = —4; ) B
J@ =90 Pier o Then lim f(z) =
=15 if x .
(a) 0 W) —6
(c) 6 (d) —2
Solution:

Note that when computing limit as  — a™ means you approaches a from the right side
that is x > a.

23+ 64
li = —_
A= I
a2+ 64 , . .
= lim 3 A direct substation will give us I.F. 0/0
z——4 14 — 16
. (v +4)(z% - 42 + 16)
= lim Factoring x 4+ 4 from denominator and numerator
Al @t -9
I (zA+4)(2? — 47 + 16)
= lim
a——at  (xAA)(z —4)
) 2 — 4z + 16
= lm —m——
r——4+ Tz —4
(4?2 —4(-4)+ 16
B —4—4
48
= — = —60.
-8
d52
7. W(COS x) =
(a) —sinz (b) sinx
&) cosz (d) —cosz
Solution:
52 40
Since 52 = 4(13) 4 0 then W(cos x) = @(COS x) = cosx.
x? -2z —3 .
LIt — < f(z) <V3x+7, x€l2,4],x # 3, then hn}sf(x) =
T — T—>
(a) 1 ) 4
(c) —4 (d) 0
Solution: )
—2xr—3 -3 1
Since lim — 2 = lim =3+l = lim(zx + 1) =4, and lim V3z +7 = 4,
z—3 r—3 z—3 T —3 z—3 z—3

then by The Sandwich Theorem we have lin(;3 flx) =4.
T—r
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)
bts . sin” (4x) B
(17%) 9. il—% 2
1
“ 16 OF
1
(©) = (@) 4
Solution:

2 : A 2 n N
lim ——— = lim ($n( )> (o)
z—0 sin (4$) z—0

< 4sin ( ) 2
hH%) make the top similar to the angle
T—r
< sin ( )2 sinz .
= Use that hm =1= lim —
1‘—>0 z—0 sinx
=(41) =
(1P**)  10. lim ucoswucot (3u) =
u—0
(a) 3 (b) —3
1
«) 3 (d)1
Solution:

Direct substation will give us L.F. type 0/0.

lim w cos u cot (3u) = lim cosu

u—0 u—0 tan (3u)
1. 3u . tané
= — lim cosu use lim =1
u—0 tan (3u) 0—0
1 1
=—(1)(1) ==
(1) = 5
t
(]_Pts) 11. If y= 1 io L ,then y’ =
csc? —cscx
- b) 7
(a) (1 —cscx)? (b) (1 —cscx)?
—cscx cscx
e b ——
(C) ( ) 1 —cscx
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, (1 —cscx)(—csc®x) — (cot x)(csc® cot x)

v = (1 —cscx)?
- csc? x + cscd x — escxcot? x
(1 —cscx)?

cscx(— cot x + cot? x — csc? x)
2

(1 —cscx)
_cscx(l —cscx)

(1 —cscx)?
cscx
1—csca

12. The graph of the function

Use the fact csc?x — cot?z =1

simplify

F(x) = 2® — 48z, has a horizontal tangent line at

) z=+4 (b) z=—-4
(c)xz=0 (d)x=4
Solution:

F(z) =2 — 48z
F'( 3
F'(z)=0

3(z% —16) =0

13. An equation for the tangent line to the curve

) y=—4r—1

(c)y=4z+1
Solution:

flzx)=2® -2z at x = —1is
(b)) y=—4x+7

(d)y=4z—1

The slope of the tangent line to f(z) = 2% — 2z at x = —1is f'(—1).

f(z)=2% -2z = f'(x) =2z — 2.

Hence

the slope of the tangent = f'(—1) = 2(-1) — 2 = —4.

Also f(1) = (—1)* = 2(—1) = 3. Now, we have m = —4 and (—1,3), hence

y—yp=mx—z)=>y—-3=—-4dx+1)=y—3=—4dor—4=y=—4dz— 1.
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(1) 14. The accompanying figure shows the
graph of y = f(x). Then the period of

y=f(z)is Yoooyp=f

—~~

@

Solution:
From the graph we can see that the function repeat itself every 3 units. Hence the

period is 3

(1P%=) 15, If liml f(x) exist and f(1) is defined, then must f(x) be continuous at z = 1.
T—r

(a) True
W) False
Solution:
9, ifx#l; . .
False. Let f(x) = 0 ifrel Then f(1) = 0, but il_}mlf(x) = i1_>H112 = 2, Now,

liml f(z) =2+# 0= f(1), hence f is discontinuous at = = 1.
z—

. . Yy o y=f()
(1***)  16. The accompanying figure shows the graph of y =

f(x). Then f'(=3) < f/(3).

(a) True

W) False a4 3/ 2\

a2

Solution: )

From the graph we can see that the tangent line to the graph of y = f(x) at —3 is rising
up (left to right) and hence its slope is positive. Now, since the first derivative is the slope
of the tangent line to the graph at —3 then f’(—3) > 0. From the graph we can see that the
tangent line to the graph of y = f(z) at 3 is falling down (left to right) and hence its slope
is negative. Thus, since the first derivative is the slope of the tangent line to the graph at
3 then f'(3) < 0. Now, f'(—=3) > 0> f/(3).

(1**)  17. The accompanying figure shows the graph of y =
f(x). Then lir% flx) = Y
r—r

(a) 0 #) -1 =

(c) Does Not Exist (d) 1
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Solution:
z—0t z—0~ z—=0
18. lim 2-VE+3 _

rx—1 x—1

-1 1
o) — b) =
) — (b) 7
(c) 0 (d) —4
Solution:

2 —+/ 3 24+ 3 V/
lim = lim TS ZEVIES  ltiply by 1 = 2T VEE3
z—1  x—1 =1 x—1 2+ +3 2++z+3
lim 22 — (Vx + 3)?
=1l
e—=1 (z—1)(2 +Vz +3)
li i-(@+3) Simplif
== m mpli
a1 (z — 1)(2+ vz + 3) P
= lim —le—1)
=1 (2 —1)(2 4+ vz + 3)
-1
= lim ———
t==2+ vz +3
-1
VI 3+2
-1
=0
19. The accompanying figure shows the graph of y =
f(z). Then f is differentiable at —x = —1. Y
(a) True T . _
W) False ’
\\
4 -2 1
Solution:
f is not differentiable at x = —1 since the derivative from the left of —1 approaches —oo

20.

A direct substation will give us I.F. 0/0. Now,

2—+vr+3

and from the right of —1 approaches —oo and hence the function has a vertical tangent line
at x = —1.

If y=ax+cotxtanz, then ¢y =
(a) —sec? zesc? x (b) 0
1 (d) —1

Solution:
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y=x+cotztanx

Yy=x+ tanx
tan
y=x+1
y = 1.
21. The function f()—xi—i_lll ntin n
. e functio x—3_|x+1’sco uous o
(a) (_007 _4) U (_47 OO) (‘K) (_007 _4) U (_47 2) U (27 OO)
(C) (_0072) U (2700) (d) [_47 2]
z+3

22. The accompanying figure shows the graph of y =

23.

Solution: Notice that f(z) = is a rational function, then it is continuous on

3— |z +1|
its domain which is the set of real number except the zeroes of the denominator and it is

discontinuous at the zeroes of the the denominator. Now

3—|jz+1=0&|z+1=3
Sr+1=-3orz+1=3
S x=—-4dorzxz=2.

Hence f is continuous on (—oo, —4) U (—4,2) U (2, 00).

f(z). Then f'(2) =

(¢) Undefined

(d) 2 s

Solution:

From the graph we can see that the tangent line to the graph of y = f(x) at 2 is
horizontal (y = 0) and hence its slope is zero. Now, since the first derivative is the slope of
the tangent line to the graph at 2 then f/(2) = 0.

1
If y:x+ﬁ—\/5,theny"':
—24 —24 1
= b) —/— 4+ —_
v — 0) 25 + 57
24 1 24
i d) =
(c) W (d) -

Solution:
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y:x—i-w_Q—\/g

y =1—2273
y// _ GI_4
)
X
-2
(1) 24, If y= 3§+ 5 then 3 =
4 6z + 8
b
@) Zrap ) Grae
8 —4
¢ (x +2)2 (d) (x +2)2
Solution:
Bottom Derivative of Top Top Derivative of Bottom
— — — —

(x+2) (Bzx-2) —Bz-2) (x +2)

¥ = Bottom?
—
(z +2)
_ (x+2)(3) — (3z — 2)(1)
(x +2)2
3z +6—(3z—2)
B (x4 2)?
3 +6—3x+2)
B (x +2)2
B 8
(x4 2)2
pts ) mtan (0))
(1P')  25. él_l}%) cos (T) =
(a) —1 (b) 1
&) 0 (d) oo

Solution:
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(1*%) 26. If y=xcotx, theny =

@) cotz — xesc’a (b) cot x — xcscx
(c) cotz 4+ xcsca (d) cot x + zcsc®
Solution:

y' = (z) cot z + z(cot z)’
= cot x + x(— csc? x)

= cot x — z csc? .

— 16
(1°*) 27, lim w16
r—4 1‘2 —x—12

7
> b) -
“ > (b)
—8
0 d) —
(©) (@) =
Solution:
22— 16 22— 16 _
lim ——=lim ——— A direct substation will give us I.F. 0/0
z—4 2 —x — 12 a:—>4x2—x—12
(x + 4)( —4)
= llm ————= Factoring « — 4 from denominator and numerator
— lim (x + 4)M
r+4
= lim
z—=4x+ 3
4448
C4+3 T
r? — 12
1P's) 28, lim
(17 voeg- Az 412
(a) Does Not Exist W) oo
(c) —o0 (d) 0
Solution:
z? —12 . x?—16
1m = lim A direct substation gives I.F. —7/0.
z——3— 4o + 12 z—-3- 2x+6
. a?—12
= lim If z < —3 and near —3,then 2 — 12 < 0, 4z + 12 < 0.
x——3— 4w + 12
. a?—12
= lim =00
r——3"

Az + 12



(17%)

(1)

Math 110, 29/5/1431H Test 2—Version D 11

x? —12
7T 4r + 12
" €T
3 7 5 D 1 //

——
w

2% + 1 — 2
29. The curve f(z) = xgi has a horizontal asymptote at
x>+ —2
(a) y=0 (b) 2 =2
(c)y=1 o)y =2

30.

Solution:

To find the horizontal asymptote we take the limit as x — oo Note that both the
numerator and the denominator — £o0, as x — £o00. To find this limit divided both the
numerator and the denominator by the highest power of z in the denominator which is 2.

So,

20% + ¢ — 2
. 23 + 1 — 2 . 3
lim — = lim ————
z—too 3+ — 2 a—Foo g3 4 — 2
3
24 = 2
— lim —x% a?
r—to00 1 1 2
22 13
_2+O—O_2
S 1+0-0 7
Therefore y = 2 is a horizontal asymptote.
. Jz—=1]-2
lim —— =
rz——1 r+1
(a) 0 (b) Does Not Exist
(c) 1 o) —1
Solution:

A direct substation gives L.F. 0/0. Note that if z > —1 or x < —1 near(close) to —1
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12

thenz —1<0= |z —1] = —(x —1).

lim
z——1 r+1

—1] -2 —(z—1)—2
p-1-2 _  —(z-1)




