Math 110, 19/1/1431H Exam2-A 1

Instructions. (30 points) Solve each of the following problems.

(1) 1. The period of f(x) = cos (2z) is

o) (b) =
2
(c) 2w (d) 2
Solution: 5
The period of f(x) = cos (2x) is % = .
pts 1 —
(1P*) 2. cos (12>
«) @ (b) ﬂ
2v/2 2v/2
1 —1
(C) _\/gi—i_ (d) \/37
2V2 2V2
Solution:
. T T T m ™
o () = )
= CoS (g) cos (%) + sin (g) sin (%) cos (A — B) = cos A cos B + sin Asin B,
11 V31 T _ 1 _qmy omy _ V3w
3 at T A COS(z):ﬁ:m(z)vm(g):TCOS(g)
V3+1
=

A
(1P 3. If f(z) = —a® — 2 — 1, x €[0,2], then the average rate of change A_j; =

1
w0 -5 ) 5
() (@5
Solution:

A flwz) — f(x)

A—J} o — I
_ f2) - f(0)
20
1141
= 5 =

—9.
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4. The accompanying figure shows the graph of y =

f(z). Then f'(-2) =. 3

2

Solution:

From the graph we can see that the tangent line to the graph of y = f(z) at —2 is
horizontal (y = 3) and hence its slope is zero. Now, since the first derivative is the slope of
the tangent line to the graph at —2 then f/(—2) = 0.

s
5. ( —)
cos |z + 5

(a) cosx W) —sinz

(c) sinz (d) —cosz

Solution:

. m . . (T
cos (SL‘ + 5) = COS Z COS (5) — Sln x sin (5) cos (A + B) = cos Acos B — sin Asin B,
3 ™ . ™

=cosxr-0—sinx-1 cos(E):()’sm(§),1
=0—sinz = —sinz

6. If y = 2?cscx, theny =

(a) —2zcscxcotx + x? cscx ) 2z cscx — x? cscx cot x
(c) 2zcscx + x? esca cot a (d) =2z cscx cot x
Solution:

y=a’cscx

y = (xQ)’ cscr + xQ(csc x) Use the fact (fg)' = f'g+ fq'

= 2z cscx + x2(— csc x cot x)

2

= 2xcscxr — x“ cscx cot x.

7. The accompanying figure shows the graph of y =

f(x). Then f'(2) > 0. 3

) True / \

(b) False 4 3 2




(1)

(1)

(17%)

Math 110, 19/1/1431H Exam2-A 3

Solution:

From the graph we can see that the tangent line to the graph of y = f(z) at 2 is rising
up (left to right) and hence its slope is positive. Now, since the first derivative is the slope
of the tangent line to the graph at 2 then f/(2) > 0.

8. If y=cosxztanz, theny =

(a) secx tanx (b) —sinz
W) cosz (d) —cscxcotx
Solution:

y =cosztanx

sinx
Yy =CoSx
cos &
y =sinz
y = cosx.
2 4
9.Ify:6x2———Tl, then 3’ =
T T
4 4
) 12—; (b) 12+ﬁ
2 24
(0)12x+ﬁ—4 (d)lQ—F
Solution:
2 4
y=062"—= - —
T T

y =12z +227% -4

y' =12 — 4273
4
=12 - —.
Yy 3

10. The accompanying figure shows the graph of y =

f(x). Then f is differentiable at x = 1. 3

(a) True / \

W) False 4 3 2

Solution:
f is not differentiable at x = 1 since the derivative from the left of 1 approaches —oo
and from the right of 1 approaches co.
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(17 11, lim 2 _
y—0 Sy
4
(a) 3 s
(c) 1 (@) o
Solution:
Direct substitution will give us LF. type 0/0.
lim tan (4y) _ 1. dtan (4y)
y—0 3y 3 y—0 4y
4 im tan (4y) s lim tan6 ]
350 4y v
4 4
= — 1 = —
3( ) 3
3+ 8
pts 3 —
(1 ) 12. :cl—1>H—12 x2—4
(a) —1 (b) 3
¥ -3 (d) 0
Solution:
348 L 348

lim = lim
r—>—2 xz —4 r——2 wQ —4

(x4 2)(z% — 2z + 4)

A direct substitution will give us I.F. 0/0

= 12122 (3} n 2) (w — 2) Factoring « + 2 from denominator and numerator
— lim (z4+2)(2% — 22 + 4)

T——2 M(w — 2)
~ i 22— 2z +4

r——2 T —2
(=22 —2(-2)+4 12

- 29 =y
(1P%) 13, If y =2, theny =
1 @) 0
(a) 7% w)
(c) V3 (@) —=

Solution:
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y =+/2 the derivative of a constant is zero
/

y:
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14.

15.

. xcos(2x)
lim ———= =
2—0 sin (5x)

1 2
z b) =
“ o) 2
5
()5 ()2
Solution:
2
2eos(2r) T s (20) @ _a
2—0 sin(5x)  2—0sin (5x) c b
= glgll% m - COS (2%) make the top similar to the angle
1 .
= — lim — bT lim cos (22) Use that lim o =1 = lim —
5 z—0 sin (5%) z—0 -0 g z—0 sinz
1 1 0 1
=—-.1.cos0= -
5 5
. 223 + 1
m-———— =
o350 6 + 22 + 323
3
0 b) =
(a) OF
2
E (@)1
Solution:

Since lim (22° + 1) = co = lim (6 + 2 + 32®) we have LF. type oo/cc. Divide each
T—00 T—>00
term in the numerator and each term in the denominator by the highest power in the
denominator.

223 4+ 1
. 223 +1 _ 3
lim ——— = hrn2—3
z—00 6+ 22 + 323 z—o0 6+ 22 + 3z
3
2x3+ 1
3 T3
= lim L L
z—oo 6 x? 323
23 3 g3
1
2+—3
: x
= lim
—3+—+3
T T
240 2
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(1P*)  16. If tanz = %, 0<z< g then cosz =

13 12
(a) 12 @) 13
5 13
= d) =
©) (@) ~
Solution:
13
5
. ) opposite . .
Since tanz = — = ——— we draw a triangle is shown to
12 adjacent 12
the right: Now, H? = 5% +12? = 25+ 144 = 169 = H = 13.
Since = € (O, g), then sinxz > 0 and cosxz > 0. Hence
12
CcosT = —.
13
(1P%)  17. If 2 — 2? < f(2) < 2cosx, then lin% f(z) =
z—
(a) 0 (b) —2
«) 2 (d) 1
Solution:
Since lim (2 — ) = 2 = lim 2cos x, then by The Sandwich Theorem we have
r—0 rz—0
lim f(z) = 2.

x—0
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x? — bx
1Pts 18. lm —— =
(17%) 255 22 — 32 — 10

1 5
- W) =
(2) = Ik
5
(c) 3 (d)o
Solution:
li z* — 5z li z* — 5z A direct substitution will give us LF. 0/0
im—-—=1lim ———— F.
oy xQ — Sx — 10 oy xQ — Sx — 10 1rect supbstitution will give us /
. z(z —5) . .
= lim ———————  Factoring z — 5 from denominator and numerator
=5 (z —5)(x + 2)
lim x(x—>5)
=1
z—5 M(.% =+ 2)
. T
= lim
=52+ 2
5 5
S 5+2 T
(17%) 19. 1im F =l 4]
x—0 T

) —2 (b) 0

(c) 2 (d) Does Not Exist
Solution:
A direct substitution gives L.F. 0/0. We find the limit form the right of 0 and the left
of 0.
. =1 =]z +1] e =1 =]z +1]
lim = lim z—=0t=2>0 z>-1, <1,
z—0+ T z—07F z
—(x—1)— 1
= lim (LL’ ) (x+ ) hence [z — 1| =—(z—1), [z + 1| =2 +1
z—0t x
. —zx+1—-2-1
= lim ——
z—0t x
= lim ——
z—0+ X
= lim —2=-2
z—0t
=1 =]z +1] =1 =]z + 1] -
lim = lim =0  =>z<0,z>—-1, <1,
z—0~ X z—0~ T
—(x—1)— 1
= lim (LL’ ) ($+ ) hence [z — 1| =—(z—1), [z + 1| =2 +1
rz—0~ x
. —xz+1—2—1
= lim
z—0~ X
I —2x
= lim —
z—0—- X
= lim —2=-2
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—1] - 1 —1| - 1
Now, since lim i = e+ 1] =—2= lim i [ =l |, then
z—0t x z—0— x
—1] - 1
Tt e Y
x—0 T
2V 2—2
20. lim Y212 —2_
r—2 xr—2
() 0 (b)
a _—
4
1
@ ()4
Solution:
A direct substitution will give us L.F. 0/0. Now,
. Ve +2-2 . Vr+2-2 Jr+242 . VT+2+2
lim —— = lim . Multiply by 1 = ———
T—2 r—2 z—2 x—2 VT+2+2 vVr+2+2
(VAR (P
=2 (r —2)(Vr+2+2)
li v+2-4 Simplif
= lim impli
=2 (z — 2)(Vz £ 2+2) Py
= lim —2)
1
=lim ——
=2 \/x + 242
1
V2 F2+2
1
=7
21. lim L =
2+ T — 2
(a) —o0 (b) 1
(c) O M) oo
Solution:
.o x—1 .o —1
lim = lim A direct substitution gives L.F. 3/0.
z—2+ T — 2 z—2+t T — 2
.oor—1
= lim If x > 2 and near 2,then z — 1 >0, x — 2 > 0.
2+ T — 2
+
lim z—1 s
= 1 =
z—2+ T

T —2
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at the point (1,1) is

(1P*)  22. An equation for the tangent line to f(z) =

z?2 +1
@) y=-—z+2 b)y==z
(c)y=2zx—1 (d)y=—-2x+3
Solution:
The slope of the tangent line to f(x) = o at z = 11s f/(1).
2 b (@ +1)(0) —2(22) 4z
W= =/ ="  ~we
Hence
the slope of the tangent = f'(1) = e O N -1
’ S N (VA
Now, we have m = —1 and (1, 1), hence

y—y1=mz—z)=y—1l=-1llz—-1)=y—-1=—ax+1=y=—c+2

20 —x 41
(1P*)  23. The curve f(z) = % has horizontal asymptote at
z? — 4z
(a) z =2 ) y=2
(c)y=0 (d) y = +2

Solution:
To find the horizontal asymptote we take the limit as * — Zoo. Note that both the

numerator and the denominator — £o00, as x — £o00. To find this limit divided both the

numerator and the denominator by the highest power of z in the denominator which is 2.

So,
202 —x +1
lim 72x2 el lim __a?
z—otoo 2 —4x + 1 T 25+ x2—4x+1
22
1 1
2——+—
= lim X X
r—+o00 1— é + LZ
x
_2-040 5
1-0+0
Therefore y = 2 is a horizontal asymptote.
ts L — /
(1p ) 24. Ify = ?, then Yy =
x
2 2z
=z b) — =~
(.d)(x+l)2 ()(yc—i—l)?
—92r -2
=~ d) ——=
©) T @ Gr1p
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Solution:
Bottom Derivative of Top Top  Derivative of Bottom
(z+1) (z—-1) —(z-1) (x+1)
r_
vy = Bottom?
——
(z+1)
_@+)@) - (@-1)1)
(x +1)2
o+ l—(z—-1)
B (x+1)2
rt+l-—x+1
(x4 1)2
B 2
(x4 1)
1
(1P*) 25, The function f(z) = _rtl is discontinuous at
22 —4x + 3
(a)z=—-1,2=3 b)z=12=-3
(c)x=—-1,z=-3 M)xz=12=3
z+1

Solution: Notice that f(r) = ——————= is a rational function, then it is continuous on
z? — 4z +3

its domain which is the set of real number except the zeroes of the denominator and it is
discontinuous at the zeroes of the the denominator. Now

2?4 +3=0(z—-1)(z—-3)=0
Sr=1orz=23.

Hence f is discontinuous at x = 1, x = 3.
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2 +r+1

(1rts)  26. If y = — then ¢ =
1 1
1+ - b)1l—~
() 1+~ (b) 1~
1 1
M) 1- ) (d) 1 + D)
T T
Solution:
P ta+l
- T
y=a+1+az"
y/ — 1 _ x—?
1
r_
y=1- 22
sinx
1Py 27 Ify = ———— th f =
(1”%) Yy=1 +sinz’ ey
—CcoS T
1 b) —mm—
(a) ®) T smay
CcoS T sinz
“ (1 + sinx)? (@) (1 + sinx)?
Solution:

,  (l+sinz)(cosz) — (sinz)(cosx)

(1 + sinx)?
_ Cosx +Sinxcos T — Sinx cos T
B (14 sinx)?
_ cosw
(1+sinz)?
i T+ 3 .
(1¥*)  28. The curve f(r) = ————, has a vertical asymptote at
2 4+ 2x —3
) =1 (b)yz=1, x=-3
(c)y=1 dy=1 y=-3
Solution: +3
Write f(z) = T2 The zeroes of the denominator are 1, -3.
(x —1)(x + 3)
To chuck that x = —3 is a vertical asymptote or not we take the limit at —3 from both
sides.
1 1
lim f(z) = lim —2) S

z——3 I—)—3M(x — 1) z—=-3x —1 o 4
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29.

30.

14

Hence z = —3 is not a vertical asymptote.

To chuck that x = 1 we take the limit

i 3
lim f(z)= lim s 00.
z—1t z—1t +
(x —1)(z + 3)
Hence z = 1 is a vertical asymptote.
Y -z f {2

The accompanying figure shows the graph of y =

f(z). Then f is continuous at = 0. 3
(a) True / \
W) False 4 3 2
Solution:

since lim f(x) =2# —1= lim f(x), then lim f(z) does not exist.
z—0t z—0~ z—0
I x? — 22z — 15 _
4
“ 0 (b) 5
4 .

(c) 3 (d) Does Not Exist
Solution:

2? =22 —15 (-3)?—2(-3)—15

li -
et 2219 (—3)2+9
9+6-15
949
0
:—:0

18




